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Self-Consistent Field

For He atom ,
H = Z (_VQ@ 2 ) + S ¢(1, 2) — Xa(l)Xb(Q) Hartree Product
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Interaction energy of electron 1 with the charge density (field) of electron 2:

i = ZC =P o)) des
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New Hamiltonian for electron 1

ﬁfﬂ = fh -+ Ufff



Self-Consistent Field

For He atom

Effective one-electron Hamiltonian

. A 1
H{Y = hy +/xb(2)—xb( ) dxs
Fo — jy ¢ / (1 >_Xa ) day
P xa(1) = gaxal(l
H5" b (2) = &"bxb(2)
Iterative Solution
Self-Consistent Solution



Self-Consistent Field

For N-electron System




Hartree-Fock SCF SCF Scheme of Hartree, improved by Fock (and Slater)

Pup(1,2,--- N) = x1(1)x2(2) - Xa(D)x0(7) - - xn(N)
Hartree SCF

Bs(1,2,+ N) = Z= ha(Dxa(2) - X D0) - X (V)

Hartree-Fock SCF

% Find the best N-electron determinantal wavefunction (using variation

method) that gives the lowest energy (for a given nuclear configuration)

while making sure that the spinorbitals remain orthonormal.




Variational Formulation of HF-SCF

% Find the best N-electron determinantal wavefunction (using variation method) that gives the lowest
energy (for a given nuclear configuration) while making sure that the spinorbitals remain orthonormail.

N-electron determinantal wavefunctinn

Dsp(1,2,--- N) =L' i Wxe(2) - xe@x(5) - xu ()

V' N!
<<I> <I>>:E:;<a

Orthonormal spinorbitals

(Xalxp) = (alb) = dab

o Functional Variation
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o Minimization with a constrain



Functional Variation in HF-SCF
E(®)  P({Xd})
E(®({xa.})) = E|?]

O — P+ 0P

o Minimization with a constrain

(XalXb) — Oap =

E[®+6<D]:<<D+6(D‘ﬁ‘<b+5<b>

— (@]i1| @)+ (o0 || @) + (@] 1] s0) + -
= E[®] + 6 (E[®])

Minimum energy is obtained when, dE =0



Functional Variation in HF-SCF

constrained minimization of energy by Lagrange’s method of undetermined multipliers

+ Minimize f(x)  d f(x) = 0
* Minimize f(x) such that g(x)=0

L(z,\) = f(x) — Ag(2)

Lagrange (undetermined) multiplier
0L(x,\) =0 Lagrange function

In The present case,
N

(a

~

s a> n %Z (ablab) — (ab|ba)

a,b




Constrained Minimization of Energy

Lagrange function L = E[®] — Z Aap ({a]b) — Oap)




Minimization of the Energy of a Slater Determinant

B— Z( 0)+ 1i(ab|ab) (ablba)
(5E=Z§<a h

a,b
N A A [N
SE=Y <5a ‘h‘ a> + <a ‘h‘ 6a> + 5> (dablab) +(adblab) + (abléab) + (abladb)
a a,b

> Za (ablab) — & (ab|ba)

1 N
— 5 D (dablba) + (adblba) + (abldba) + (ablbda)

N N
Z <c5a ‘ilz‘ a> + Z ((dablab) — (dab|ba)) + complex conjugate
a a,b



Constrained Minimization of Determinantal Energy

N
0L = 0E =) Aud {alb) =0
a.b

N
6 =" (dalh,

a> + Z ({(dablab) — (dablba)) + cc

Z)\ab (6alb) + Aap (a|0D)
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Variational Formulation of HF-SCF

% Find the best N-electron determinantal wavefunction (using variation method) that gives the lowest
energy (for a given nuclear configuration) while making sure that the spinorbitals remain orthonormal.

Constrained minimization of determinantal energy

Lagrange function al
grange funct L= E[®] = A ({alb) — 0)
a.b

N
0E = Aad{alb) =0
a,b
N N

- a> + Z ({dablab) — (dablba)) + cc

a a,b

N N
> Aw {alb) = Aapy (dalb) +cc
a,b a,b



Constrained Minimization of Determinantal Energy

N
6L =Y (da |h,

a

oL = Z/da:?; 0Xa(7) [ iXali +Z/Xb (7)dzjXa(7) — /xZ(j)%xa(j)dﬂfij(i) - Aabxb(i)]+ cc

Ll

a> + Z ((Sablab) — (Sablba)) — 3 Au, (3alb) + co

5[’ Z/daj‘a 6Xa, |: ZXa( ) Zjb(Z)Xa(?’) T }Cb(Z)XG(Z) T )\abXb(?:)

Tv(i)Xa() :/Xb(j)FXb(j)dinXa(Z)
N Exch t
Coulomb Operator xchange Operator

)= xa) ()




Fock Operator

N

L= / dx; 6 (i) [fzz-xc,,(z') + > T(0)Xa(i) = Ko()Xa () = Aapxs(i)

b

+cc=0

) = [ Xi)=xal)dzxa)
Katiali) = [ xbm: Ui
Fock Operator Y

N N
;L‘i + Z j)(’&) - ]&b(ﬁ) Xa,(?’) N\ Z AabXb({‘i) for a= 17 27 - N
L b | b

Hartree-Fock Equa’nons
|Xa Zgab|Xb for a = I,Q,N



Canonical HF Equation Unitary fransformation of HF spinorbitals

( )| Xa(7) Zgab|Xb for a=1,2,---N

A new set of spinorbitals .
P Unitary matrix U Preserves

L § : U orthonormality
o Xb ba UTU — 1 of spinorbitals
b

Unitary transformation in matrix form

1(1 H(1 "(1 (1 xi)  x2(1) o xa() o xw(1) Up U -+ Ue -+ U
iﬁg ; %8 i’g g i; E % ( 2 (2) - Xe(2) - XN(Q)\ (Uzl Uso Usa -+ UQN\
X1 (1) X’Q.(L) Yl (1) (1) = Xl(l) X2.(i) Xal(1) XN.(Z) U Ua2 Uaa Uan
\x’l(:N) x’z(:N) xé(:N) xI\r:(N) \Xl Xa(N) -+ xa(N) XN(N)/ \UJ.\H Uvs - UNa - Uz;uv/

Transformed spinorbitals Original spinorbitals



o~
Canonical HF Equation

Effect of unitary transformation on the determinantal wavefunction and properties

by = (N!)_1/2 det |- -+ xa(2) ---|  original wavefunction

:SD — (N!)_l/z det | e X,a('?/) T | transformed wavefunction
,SD — det(U) (I)SD

det(U'U) = 1 = det(U) = €' = £1 if U is real
The transformed wavfunction differs from the original
wavefunction by a phase factor.

« For asingle determinant wavefunction, the expeciation value
IS invariant fo unitary tfransformation of the spinorbitals.

Y,
(/
4[4

iy,

A N



Canonical HF Equation

Effect of unitary transformation on the Coulomb and Exchange Operators

Coulomb operator with transformed spinorbitals

7' (i k([ \TTH 1 :
Zj’(’ﬂ) = Z/da: X’*(j)ix’ (5) PBNAGE Z/dxj;Xb(])UbanZ Xe(J)Uca

| 1
-5 (S fanior o
o) =D sV X)) = D xeli)Vea o\ / Ti

1
= (UTU)bc/da:jxi(J);xc(J)

be “
1

= Zébc/d%xi(,?)r__xc(ﬁ)
* The sum of Coulomb operators is be !

invariant to a unitary = Z/d%xi(j)im(i)
-

transformation of the spinorbitals.



Canonical HF Equation

Effect of unitary transformation on the Coulomb and Exchange Operators

* The sum of Coulomb operators is invariant fo a unitary
transformation of the spinorbitals.

« The sum of exchange operators is also invariant to a unitary

transformation of the spinorbitals. ) )
Y KL(i) =) Ky(i)
a b

* The Fock operator is invariant to a unitary transformation of
the spinorbitals.




Canonical HF Equation

Effect of unitary transformation on Lagrange multipliers

ﬁb(a; Zgab|Xb

Xc|f|Xa Zgab XC|Xb

Lagrange multipliers in transtormed basis:
Eab = <Xb x&)

N <ZX€U€E’ F ZXdUda> * The unitary matirix U is the
-Su; <x 7 xd> U, one that diagonalizes €
T cb c a

— Z U;bg dc Uda

cd

INn Mmaftrix form,



Canonical HF Equation

Non-canonical HF Equation (with original spinorbitals)

-/%‘Xa) — Zgab‘xb>
b

Canonical HF Equation (with tfransformed spinorbitals)

Flxa) = €5 |x0)
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e
HF-SCF Method

N-electron Hamiltonian N-electron deteminantal wavefunction

N \%: Z 4 AR xi(1) xi(1) oo (1)
H=>) (_ 9 _Zr. +ZF L 12 (2 - a2
i A ) sy \@:ﬁ : C
N N o ' o
Ry 1 Xi(N) X (V) o ()
— Zh + 2 -

Deteminantal energy

N N N
(@i @) =" (ah|a)+ %Z N (ablab) — (ablba) ~ [spinorbitals)
N/2 N72 N/bz

(a h a) + Z Z 2 (ablab) — (ablba) (spatial orbitals)
a b

h




e
HF-SCF Method

Constrained minimization of determinantal energy (Lagrange method of undetermined multipliers)

N
0E =) Awd (alb) =0
a,b
Hartree-Fock Equations (non-canonical)




e
HF-SCF Method

Unitary fransformation of spinorbitals
XZLZZXE) Uba U'U=1
b

Effect on wavefunction (I){SD — Py = |(I)£3D|2 = |(I)SD|2

I

Fffect on operators Y Ji(i) = Y _ (i) Y _Ki(i)= ) Ki(i) ﬁ!(’&) = F (1)

/
Effect on Lagrange multipliers & =—= UTEU

Canonical Hartree-Fock Equations F |X’a> — E’a |X’a>

F (i) xa(i)) = €alxa(i))



Molecular Hamiltonian vs HF-Hamiltonian

N N
N-electron Hamiltonian A 2 1 A
H = hz — p—
and its true solution ; T ; ro HY = FEV¥
HF Solution ji;.|Xa(f,;)> = £l va(i))

D) = [x1(1) -+ Xalz) x6(J) - xn(V))

Comparison of Molecular Hamiltonian and HEHamiltonian

Partial treatment of electron correlation



HF-Energy
HF wavetunction 1) =[xa(1) -+ Xa(2) x6(7) - XN (V)
HF Energy N . N
Eyp = (®|H| D) = hla) + = blab) — (ablb
HF < ‘ > ;<a a,> 2;(a|a) (ablba)
Energy of spinorbital N
_ <Xa(z) (@)) _ < > + 5 (ablab) — (ablba)
b

Sum of HF orbital energy is NOT the HF energy

iz—:a = i<a h a> —I—i(ab|ab) —

(ab|ba) 7é EHF




lonization potential

HF wavefunction |®§> — |X1 “* Xe=1 Xe Xe+1 - XN>

‘(I)i\f—1> — ‘Xl 0 Xe—=1 Xetl "'XN>

CDiV_1> = Z <a, h a> + % Z (ablab) — (ablba)

a#c a#c,b#c

c> + Z (cblcb) — (cb|bc) = e,

EN 1 <(I)N 1

EHF — Eév_l — <C fl

Koopmans' Theorem

 |onization potential for removing
IP = EN—l _ EHF = —¢, an ele.cTron from on.orbi’rol is the
¢ negative of that orbital energy



-~
Electron Affinity

27 = X1+ X )

Koopmans' Theorem

EA = Eyp — E,,.{VH = — <?" ‘fl‘ ”r’> + Z (rblrb) — (rblbr) | =
b

Koopmans' theorem, operating within ‘frozen orbital’ approximation,
provides a reasonable first approximation of IP, but EA estimations are
often poor.
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0
Spinorbitals to Spatial Orbitals

~JY(r)a(w)
Xi(@) = () B(w)

Closed Shell Open Shell
Restricted Un-restricted Restricted Un-restricted

I S S 2 S
I S S I A N T

Closed Shell Open Shell

Closed shell: All spatial orbitals are doubly occupied.

Restricted spinorbitals: Same spatial function for spin up and spin down.

Un-restricted spinorbitals: Different spatial functions for spin up and spin down.




0
Closed-Shell HF with Restricted Spinorbitals

() = J )W)
Xi(@) {%(rm(w)

N-electron deteminantal wavefunction
1

D) = mlxl X2 XN

1 — _ -
D) = m|¢1 U1 g Py U2 Yol

Deteminantal energy

Eyp = <<I> ‘ﬁ‘ <I>> = ZN: <a, ‘fz‘ a> + %ii (ablab)y — {(ablba)

a

N/2 N/2 N/2

—2%" (a, ‘h‘ a) +5°5 " 2 (ablab) — (ablba)



Fock operator and orbital energy with spatial orbitals

(spinorbitals) F(i)=hi+ Y Tpli) — Ks(i)
b

Ty ()] tha(i))
Ko (i) [10a())

(spatial orbitals) F(i) = h; + ZQJ},(?J) — Ky(0)
b

HF Equation with spatial orbitals

F (i) [1a(i)) = altald))

N/2 N/2

ea = (alhla) + )~ 2(ablab) — (ablba) = hoa + Y 2Jap — Kap
b b

/ dr; GE ) a(i))
/ dr; $7 () a (i) [6s(0))

N/2 N/2

EHF = 2 Z h/aa + ZQJab — Kab
a a,b 2 Fyr = 2hin + (2J11 — K1) = 2hay + J1s

1 ﬂ e1=hi1 + (2J11 — K11) = h11 + Ji



Infroduction of a basis: Hartree-Fock-Roothan Equations

Fock operator in spatial orbital, Fli) = hy; + Zgjb(i) — K, (4) ﬁ(i)ma(i)) = £a|a(2))
Introduce a basis: ’ K
{@H|I/ =1,2,--- K} Vo (1) = cha@u(i) fora=1,2,--- K
K K v=l1
FY CuB,(i) =2 > CruB,(i)
[ i, 030) FY " Cu®,(i) = e, [ dr, 0.() S €00, (i)
Y Cua / dr; ©,(i))FO,(i) =€, » _Cl, / dr; ©7,(1)0, (1)

In maftrix form,

Z]:Wcngazswcm F C — S C E

v=1 v=1 fora}:l’Q’...K



Matrix formulation of Roothan Equations
FC=SC: det |F — ES| =0

F 1) - 18, 18) - |0x) S 100 16, 16, - [8x)
o Fn -+ F, F, - Fg ©] S1 -+ S, S, - Sik
Oul| Frao -+ Fuu Fu -+ Fug Oul| Sur =+ S Sw - Sux
©.| Fa -+ F, F. - Fxg ©ul| S o Sy S o Sk
Ok|| Frx1 -+ Frxu, Fr, - Fki Ok|| Sk1 -+ Sku Sk» - Skk
K

(81 0\ (Cn Cia -~ ClK\ . ‘

€9 Coy Oy - COhi Ya(1) = E (.0, (1)
B = . O: . . . v=1

\O.Iﬂ Ciof(z C;.{K)






